Polarons in Anisotropic Energy Bands by Kahn, A. H.
. .. _ _ _ _  i.. . r .  ". 
Polarone i n  Anitiotropie Encrgy Bands *t 
Arnold H, Kahn 
Nat iona l  Bureau of Standards, Washington, Do C,  20234 
ABSTRACT 
The polaron weak coupling approximation has  been appl ied  t o  
t h e  problem of an e l e c t r o n  on a spheroidal energy s u r f a c e  i n t e r a c t i n g  
wi th  long i tud ina l  o p t i c a l  phonons. The binding energy and e f f e c t i v e  
masses are ca l cu la t ed ,  For SrTiO, where t h e  observed masses are 
* = 6.0 and mt*/mo = 1,5, the ca l cu la t ed  bare  masses are 4,7 and "a 'mo 
0.96, r e spec t ive ly ,  and t h e  binding energy i s  0,26 e V o  
shown how the polaron p r o p e r t i e s  may be  ca l cu la t ed  when t h e  band edge 
It i s  a l s o  
i s  of t h e  degenerate type,  
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1 INTRODUCTION 
The experimentai  study of e l e c t r o n i c  t r a n s p o r t  e f f e c t s  in .- 
1 -  9 
J aedconduc t ing  crystals of an ion ic  natiure, such as SrTiO_,L’L BaTiOj,  
t 
- 3 , -  - I -  - 4 3 
KTa03, 
t o  t h e  i n t e r p r e t a t i o n  of t h e  obsewat ions  i n  terms of band s t r u c t u r e o  
The i n t e r a c t i o n  of an e l e c t r o n  w i t h  long-wavelength o p t i c a l  modes of  
v i b r a t i o n  of a crystal has  been t h e  o b j e c t  of cons iderable  t h e o r e t i c a l  
study,-and has  been reviewed by Frblhlich,‘ Schultz,’l and Allcock. 
and T i02 ,  b r ings  a t t e n t i o n  t o  the relevance of polaron theory  
-- - 




To t h e  au thor ’s  knowledge, t h e  only cons idera t ion  of band s t r u c t u r e  
e f f e c t s  i n  a l l  treatments has been through t h e  inc lus ion  of a constant 
I i s o t r o p i c  b a r e  e f f e c t i v e  mass. Thus t h e  ques t ion  is r a i s e d  as t o  t h e  
e f f e c t  of polaron coupling on the na tu re  of t h e  observed bands, - 
I n  t h i s  r epor t  t h e  r e s u l t s  are given f o r  t h e  case  of an 
e l e c t r o n  on a sphero ida l  energy surface,  i n  i n t e r a c t i o n  wi th  t h e  
long i tud ina l  o p t i c a l  modes. 
exac t ly  wi th in  t h e  weak coupling approximation. 
made t o  t h e  case  of SrTiO 
conduction band. 
- __ -- - - 
The an i so t rop ic  m a s s  w i l l  be  t r e a t e d  
/ 
Application w i l l  be 
F 
which i s  be l ieved  t o  have a many-valley 3 
F ina l ly ,  i t  w i l l  be shown how t h e  polaron may be 
t r e a t e d  i n  weak coupling i n  t h e  case of degenerate bands, i n  t h e  
10,ll 
,. framework of t h e  e f f e c t i v e  mass approximation, 
I1 0 
The polaron Hamiltonian i n  reduced u n i t s  (as es t ab l i shed  by 
6 Frrdhlich ), modified f o r  a sphero ida l  energy sur face ,  is given by 
Here a i s  the  dimensionless coupling constant dependent on t h e  high and 
l o w  frequency d i e l e c t r i c  constants  and c 0 ,  respec t ive ly .  I n  Eqs.  
(1) and (2 ) ,  x, y, z a r e  t h e  e lec t ron  coordinates ,  mo t h e  f r e e  
e l e c t r o n  mass, 
+ b and b 
Q Q 
vec to r  q.  
t h e  phonon energyo 
wavelength case  considered,) 
as i n  Frohl ich ' s  review. 
and m, t h e  longi tudina l  and t r ansve r se  bare  masses, mL L 
t h e  a n n i h i l a t i o n  and crea t ion  opera tors  f o r  phonon of wave 
S is a normalization volume, Energies a r e  i n  units of hw, 
4 
(Phonon dispersion is neglected f o r  t h e  long 
Other symbols have t h e  usua l  meaning 
I 1  6 
I n  t h e  weak coupling approximation t h e  energy i s  given t o  
second order by t h e  standard per turba t ion  formulas: 
i r  mo 2 
E(k) - (k2 + k 5  + m" k2 - ""1 2 Ll + - (q, - 2qzkz) 
"A S 9 9  
t x Y " 4 "  
On expanding t o  second order  i n  5, we obta in  t h e  binding energy and 
cor rec t ions  t o  t h e  k i n e t i c  energyo The r e s u l t s  are found t o  be 
Here E i s  t h e  binding energy; AEZ and AE b X are t h e  changes of k i n e t i c  
energy, AE 
changes may be put i n t o  t h e  form of e f f e c t i v e  mass changes. 
been done and t h e  r e s u l t s  p l o t t e d  i n  Fig. 1. 
shown i n  Fig,  2, as a func t ion  of the bare  mass r a t i o .  
i s  of t h e  same form as  aEx, by symmetry. These energy 
Y 
This has 
The binding energy i s  
111. Application t o  Strontium T i t a n a t e  
I n  S r T i O  t h e  conduction band edge i s  composed of s i x  p r o l a t e  
half-spheroids  bel ieved t o  be centered a t  t h e  edges of t h e  Br i l l ou in  
3 
a r e  m * = 6.0 mo and m * = 1.5 mo, with R t 
K - 4-0. 
s u s c e p t i b i l i t y 1 2  and t h e  hea t  capacity13 of t h e  c a r r i e r s ,  and 
magnetoresistance,  
These r e s u l t s  a r e  derived from ana lys i s  of t h e  magnetic 
It i s  believed t h a t  t hese  should be considered 
t o  be polaron masses, From t h e  ana lys i s  of t h e  preceding sec t ion  
we may determine t h e  binding energy and bare  masses. It should b e  
poss ib l e  t o  ob ta in  t h e  bare masses by a Faraday e f f e c t  experiment, 
14 
SrTiOg has t h r e e  activeL,O, modes, The coupling constants  
have been estimated by Eagles 1s816; t h e  r e s u l t s  f o r  bare  masses a r e  
quoted i n  Table I, The observed masses, t h e  ca lcu la ted  ba re  masses) 
4. 
and t h e  binding energy are shown. 
s e p a r a t e  modes con t r ibu te  add i t ive ly  t o  t h e  p o l a r m  e f f e c t s .  
t ude  of t h e  b i d i n g  energy, 0.26 eV, is r a t h e r  la rge ,  i n  f a c t ,  comparable 
t o  t h e  band width i n  the longi tudina l  d i r ec t ion .  The mass changes a r e  
a l s o  s i g n i f i c a n t .  
of a s l i g h t l y  above 2 is  somewhat q u e ~ t i o n a b l e , ' ~  but t h e  r e s u l t s  may be 
expected t o  g ive  a s i g n i f i c a n t  es t imate  of t h e  va lues  of t h e  polaron e f f e c t s .  
The assumption has been made t h a t  t h e  
The magni- 
The use  of the weak coupling approximation a t  va lues  
It i s  c l e a r  t h a t  polaron e f f e c t s  w i l l  begin t o  be reduced when 
e l e c t r o n  concent ra t ions  become h igh  enough t o  produce a screening r ad ius  
as s h o r t  as t h e  polaron r a d i u s  i n  t h e  absence of screening. W e  estimate 
t h e  screening .  rad ius  by t h e  Thomas-Fermi va lue  (l/r ) where 2 2 - 6rrne 
9 
i s  t h e  Fermi energy. The polaron r ad ius  i s  approximately 
r - (h/m*uo)'l2. Using t h e  dens i ty  of state mass (5 mo) f o r  an  
estimate, wi th  a concent ra t ion  n M 1OI8 cmW3, w e  ob ta in  r M 1.5 x 10 cm. 
We estimate the polaron r ad ius  with t h e  h ighes t  mode frequency and obta in  
1.4 x loo8 cm. Including t h e  other modes would make it somewhat smaller. 





c onc en t ra t i on 
One 
might have on 
18 -3 of 10 cm . 
I V .  Polarons i n  Degenerate Bands 
might ask  what f u r t h e r  in f luences  t h e  polaron i n t e r a c t i o n  
t h e  band s t r u c t u r e .  From t h e  s p h e r i c a l  symmetry of t h e  
F rgh l i ch  i n t e r a c t i o n ,  w e  see t h a t  t h e r e  w i l l  be no reduct ion  of 
symmetry a t  any po in t  in t h e  Br i l l ou in  zone. Hence t h e r e  w i l l  be  no 
s p l i t t i n g  of degeneracy, but only changes i n  t h e  curva tures  of t h e  
bands. 
ca l cu la t ed  i n  t h e  e f f e c t i v e  mass approximation near  a po in t  of degeneracy. 
W e  now show how t h e  weak coupling polaron energy may be 
5. 
As m exmple w e  consider the case of D dcgcncrntc band 
edge a t  k p 0 i n  a c r y s r a l  of cubic  symmetry. I n  this case t h e  energy, 
2 18 t o  order  k , fe obtained by f ind ing  the eigenvalues of the matrix 
where the constant matrix D i s  symmetric i n  a and p, t h e  components of 
k,  and t h e  ind ices  i and j r e f e r  t o  t h e  degenerate b a s i s  states f o r  
k - 0. The eigenvectors of 3' determine t h e  " r i g h t  l i n e a r  combinations" 
of zero  order wave func t ions  f o r  a given d i r e c t i o n  of -1- k .  For t h e  case  
of degenerate bands, as from p-s ta tes  i n  a cubic  c r y s t a l ,  Ho t akes  t h e  
M, 
MI 
19 form t 
L 
kxkz N k k  f L k : + M  ( k 2 + k : )  Y X Y  
N k k  
Y Z  
N k k  L k 2  + M(k: + k 2  Z ) 1 X Y  Y 1 kxkz N k k  Y Z  L k 2 + M ( k : + k 2 )  z Y 
- 
1 
We now w i l l  show how t h e  polaron i n t e r a c t i o n  can be  t r e a t e d  i n  t h i s  
I framework and information obtained without t h e  n e c e s s i t y  of f i r s t  
so lv ing  f o r  t h e  unperturbed eigenvalues and eigenvectors f o r  a l l  .-rd k.  
The Fr'dhlich Hamiltonian f o r  t h e  polaron problem, i n  t h e  e f f e c t i v e  
m a s s  approximation, becomes 
H - Ho (-iP) + C b + b  6 ij ij - v v i j  
To f i r s t  order i n  a, t h e  eigenvalues a r e  determined by t h e  following 
60 
20 secuiar equat ion 
* It i s  understood t h a t  the term i n  square bracke ts  r ep resen t s  t h e  
inve r se  of the matrix i n  the denominator, - I n  p r i n c i p l e  th i s  could 
be  solved f o r  E by successive approximation, 
order  ak2 ,  we  expand the denominator, and l e t t i n g  
However, t o  f i n d  E t o  
we ob ta in  
I n  Eq. (Q above, there are no terms l inear i n  c- B as t h e s e  vanish when 
the sums on q are performed. The binding energy i s  obtained from t h e  
* second term only, which has only diagonal elements,-= The 
' - -  inverse matrices needed are s u f f i c i e n t l y  complicated as t o  r e q u i r e  
numerical computation f o r  ind iv idua l  cases For  non-degenerate 
bands t h i s  r e s u l t  reproduces t h a t  of t he  earlier p a r t  of t h i s  paper. 
An i n t e r e s t i n g  poss ib l e  occurrence would be  t h e  s i t u a t i o n  of 
a degenerate  conduction band minimum at  1c - 0, w i t h  one band of 
i n f i n i t e  mass:, AThen t h e  polaron coupling could t u r n  the curva ture  
19 i o e a ,  L - 0 i n  Shockley's case. 
7, 
' ef t h e  heavy b a d  dmnward causing the minimum t o  be d isp laced  away from 
k = 0. Though t h e r e  is no evidence f o r  t h i s  being the case  i n  s t r o n t i m  
titmate, i-t is worth n o t i n g  tha t  t h e  mergy  s h i f t s  due t o  polaron 
effects are of t h e  same order of magnitude as t h e  observed band widths, 
and such an occurrence might be  possible.  
Table I, Experimental data and calculnted r e s u l t s  







,022 eV 0 01 
, 058 a 5 0  
e 0 9 9  1,83 
Observed 
Jc 
m = 6,O m a 0 
0 
* - 1.5 m m t 
K * 4,O 
Calculated 
Bare Bloch  Masses 
mA - 4,7 m 
m = 0,96 mo 
0 K = 4.9 
t 
Binding Energy Eb = 0.26 eV 
9. 
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Fig. 2.  
Fractional change i n  effective mass due t o  po-aron coupling. 
Here m and m arn_ bere m ~ e s e s ,  l m g i t u d i n c l  nnd *----- L 1. C I I L C )  Q B r s  e,  
respect ive ly .  a is  the coupling constant. The polaron mass 
a t 
* 
i s  given by m = m  +Am a 't ¶t 1 , t '  
0' 
Polaron binding energy,in uni ts  of the LO phonon quantum hw 
VS. bare mass anisotropy. m and m are bare masses, m the  
R .  t 0 
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